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Abstract:

In 1948, Casimir predicted a net attractive force between two perfectly conducting parallel plates due
to electromagnetic vacuum fluctuations. By analogy, the interaction of two ships on a wavy sea has
been named Maritime Casimir effect. This is an example of force generation in non-equilibrium
systems. Lee, Vella and Wettlaufer showed it to be oscillatory as it is induced by the sharply peaked
energy spectrum measured in the sixties by Pierson and Moskowitz for a fully developed sea; a sea
whose state is independent of the distance over which the wind blows and the time for which it has
been blowing. The aim of this project is to construct a theory for that spectrum and understand how
the Maritime Casimir effect emerges from wind-wave interaction. Waves in the absence of wind, so-
called water waves, are mainly characterized by dispersion and weak non-linearity. The coupling of
both results in the instability of a wave packet to side-band perturbations in deep water. The growth
rate can be calculated thanks to a non-linear Schrédinger equation, which is a universal model for
weakly non-linear waves in a dispersive medium. Furthermore, this instability can be understood in
the even more general framework of resonant wave-wave interaction. The evolution of deep water
gravity waves is actually a sum of four-wave interaction processes and triadic interactions should be
added for capillary waves. That evolution is strongly affected by the presence of turbulent wind
because it transfers energy to the waves. The growth rate of wind waves was calculated by Miles in
1957 on the basis of the weak air-water coupling. His formula involves the solution of the
hydrodynamic Rayleigh equation at the critical level, which is the height at which the phase speed of
the wave is equal to the wind speed. We develop an efficient numerical scheme to compute it and then
compare the theory with the observational data compiled by Plant. We eventually propose asymptotic
solutions of the Rayleigh equation for a generic wind profile, which will be useful to get a better

understanding of the experimental results.
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Chapter 1

Motivation: the oscillatory Casimir
effect

1.1 Introduction
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Figure 1.1: A) Original Casimir effect, adapted from Wikipedia.
B) Maritime Casimir effect, adapted from L’Album du Marin (1836) by P. C. Caussée.
C) Force generation between plates in active matter, adapted from [2].

The motivation for this project is the understanding of force generation in non-equilibrium systems, which is
a significant challenge in statistical and biological physics, as well as a stumbling block in the development of
active materials. A key to force generation in non-equilibrium systems is encoded in their energy fluctuation
spectra G(k) defined from the mean energy F as

+00
E= G(k)dk, (1.1)
0

for one-dimensional systems. A non-equipartition of energy, which is only possible in active or driven systems,
can lead to a non-monotonic fluctuation spectrum. Lee et. al [1] have recently shown that for a narrow, uni-
modal spectrum, the force exerted by a non-equilibrium system on two walls embedded in a system with such
a spectrum depends solely on the width and the position of the peak in the fluctuation spectrum, and oscillates
between repulsion and attraction as a function of wall separation. This is reminiscent of the Casimir effect in
electrodynamics, except that the latter is always attractive. The theory developed in [1] predicts an oscillatory
interaction between two ships on a wavy sea, and hence an oscillatory Maritime Casimir effect. Furthermore, it
is consistent with recent simulations of active Brownian particles [2].

In section 1.2, we reproduce the original calculation of the Casimir force in electrodynamics. Then, we show




in section 1.3 how to generalize it to plates immersed in a non-equilibrium system thanks to a radiation stress
tensor, before applying it to a simple model of ships on a wavy sea.

1.2 Casimir’s original calculation

Let us consider two perfectly conducting parallel plates of identical area .4, at temperature 7' = 0, separated by
a distance L. The x-axis is taken orthogonal to the plates; one plate is located at x = 0, the other at x = L. In
this section, ¢ denotes the speed of light in vacuum.

The Casimir force can be inferred up to a numerical factor thanks to an elementary analysis:

he

FcasOC-AL4a

(1.2)

where £ is the reduced Planck constant. We now outline the original calculation of Casimir [3].

Let us introduce the vector potential A(r,t); there is no electric potential in the absence of source charge. In

the Coulomb gauge, defined by V - A = 0, the electromagnetic field is then E = —10,A and B = V x A.

In the case of free fields, Maxwell’s equations are equivalent to the homogeneous D’Alembert equation for the
vector potential. Considering monochromatic waves, A(r,t) = A(r) e~** and D’Alembert equation is reduced
to the Helmholtz equation in the amplitudes:

2
V24 + [i] A=o. (1.3)

The electromagnetic field can also be regarded as a quantum harmonic oscillator whose energy levels are

1
Em=m<m+2), m e N. (1.4)

Between the plates, modes are quantized in the z-direction as a result of the confinement, like standing waves
on a string. More precisely, since the tangential component of the electric field has to vanish at the boundary of
a perfect conductor, we have

Al(z =0,y,2) =0 and Al(z = L,y,z)=0, Vy,z. (1.5)

In this section, the symbol || means parallel to the plates. The normal component of the electric field should be
finite at the boundary of a perfect conductor as it sets up a superficial density of charges. Separating x from
other variables in Helmholtz equation (1.3) and imposing (artificial) periodic boundary conditions in the y and
z-directions, we readily find

Al oc e gin (TZ’) ey and A, o ekl ! g (TZTJ;), n e N, (1.6)

where e is a unit vector parallel to the plates defining the polarization and

2 2
El = nyLl e, + nzL—ﬂ e., Ny, N, € Z, (1.7)
Yy z

where L, and L, are the sizes of the plates. Therefore, the energy inside the cavity is equal to

n2m2

1 .
Ey = B ZIQH hwn(ku) with wn(k‘l) =c Tz + \k‘||2- (1.8)

A few points still have to be emphasized.



1. The gauge condition V - A = 0 determines the polarization:
MMA, + kAl =o. (1.9)
L
When n # 0, there exists two unit vectors e; and ez such that this condition is satisfied together with
e e =0 and ey-e; =0, A=12. (1.10)

There are two independent states of polarization. However, when n = 0 we should necessarily have e in
the direction of k!, implying a single state of polarization. To take this into account, we hence introduce
a factor 2 but denote the sum with a prime to specify that it has to be removed when n = 0.

2. For sufficientlty large plates, n,, and n, can be treated as continuous variables and the sum over k I'replaced
by the integral {355 § dkodhy.

3. The sum over n is divergent. However, the assumption of a perfect conductor breaks down at short wave-
lengths, say smaller than the Bohr radius. High frequencies are then cut off from a large value w, with the
help of a regularizing function x such that

x(0) =1 and X(wn(k|)) I 1. (1.11)

We
Equation (1.8) eventually becomes

A 3 wi (kI

Eoy= s Yo 1| dkgdky hw, (K x | == ). 1.12
o= oy 2 [ et e (27 12
Assuming isotropy, dk,dk, = i—gwdw. Then, we obtain the energy of interaction of the plates due to the modes
between them as

[ w
Ey=A Z /J dw x| — ), (1.13)

2mc? , We

n=0 Ywn(0)
whose only dependence on L is through w,, (0) = “7€. The corresponding force is
0Eq hen? & wn (0)

Fp,=——""=— iy == ). 1.14
or ~ apr 41X, (19

The force due to outside modes, which are not confined, is just the opposite of this one with the sum being
replaced by an integral. The net force is then

her? | 5, s (@n(@ _ (7 s (9n(0)
Fcas:Fin+Fout:A2L4{Z/n X< e )L TLX< e >dn . (1.15)

n=0

Finally, using the Euler-MacLaurin formula

+00 0
1 1
> 19(m) = | gtmdn = 590 + 5670+ 0(40 ). (116
n=0 0 :
yields the attractive force
hem?
Fcas = 7A240L4 (1.17)

We note that his result has also been derived by Milonni et al. using a radiation pressure [4].



1.3 Oscillatory force generation from peaked energy spectrum

This section is based on the paper [1] by Lee, Vella and Wettlaufer.

We consider now out-of-equilibrium systems where the fluctuations are manifested as one-dimensional waves
with wavenumber vector k. Assuming no dispersion, the corresponding radiation stress tensor is

N=Gk kok, k= |:| (1.18)

To be consistent with the definition (1.1), we have taken the point of view that the waves propagate only forwards
so that k = |k|.

Let us embed two walls separated by a distance L within such a system. The fluctuations due to the out-of-
equilibrium state will play the same role as the vacuum fluctuations in the original Casimir effect. From (1.18), a
wave having a wavelength 27 and an angle of incidence 6 induces a radiation pressure G(k) cos?(6). Thus, the
radiation force per unit angle due to waves with a wavenumber between k and k + Jk and reflecting with an
angle between 6 and 0 + 6 is !

06
oF = G(k)dkcosQ(H)Q—. (1.19)
T
As in the previous section, there are standing waves between the plates which imposes mode quantization while

there is a continuum acting on the exterior of the plates. For isotropic fluctuations, we integrate 6 from —7 to
5 and eventually get the net disjoining force

Friuee(L) = = iEG nmy 1 OoG(k)dk: (1.20)

Fluetif) = L \L 1), : '
Note that e

oS0 Yk = Fuua(L)s0, VL. (1.21)

Therefore, a non-monotonic force implies a non-monotonic spectrum. This is important for systems whose
spectrum is not known theoretically but for which one can observe an oscillatory force due non-equilibrium
interactions. The reason is that the latter are indeed encoded within the fluctuation spectrum. ‘In this sense, the
noise becomes the signal’.

2.5

i Gomr  Gov

1 T Fn,max = AL, 3

20 B \

159 \
Ffluc \

1.0 4

0.5 1

0.0

Figure 1.2: Oscillatory force induced by a unimodal spectrum modeled by equation (1.22). It depends only on
the width and the position of the peak.

I§F is actually a force per unit length as G has the dimension of a force in this effectively one-dimensional system.



Furthermore, it can be shown that unimodal spectra have a universal phenomenology, and can be represented
by a Taylor expansion about their maximum at k = kq:

Gk) ~ {GO [1 —vk - ko)z]’ Ik = kol <v (1.22)

0 otherwise,

where Gy = G(ko), G2 = G" (ko) and v = 4 /—2%‘; is the peak width. The following asymptotic scalings are
derived in [1]:

1. For L « 7 and in the narrow-peak limit v « ko, the force has successive repulsive peaks scaling as %
with linearily increasing width (proportional to their index n) as the distance L gets larger and larger. See

figure 1.2.

2. For L » 7, one can show with the help of the Euler-MacLaurin formula (1.16) that the force scales as ﬁ
This actually holds for a spectrum that is not necessarily unimodal.

Application to the Maritime Casimir effect
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Figure 1.3: A) Pierson&Moskowitz spectrum; the data points (red circles) are fitted with a cubic spline.
B) Force induced by that spectrum on two “ships”; the dashed red line corresponds to the asymptotic scaling ﬁ

Figures adapted from [1].

These results shed light on the old riddle of the Maritime Casimir effect. Indeed, the framework we have just
described can be taken as a simple model for two ships on the sea with the wind blowing in a direction per-
pendicular to them. The ocean wave spectrum was measured in 1964 by Pierson and Moskowitz [5] for a fully
developed sea, which corresponds to an out-of-equilibrium steady state where the wave-wave interactions are
balanced by the wind input and dissipation through wave breaking. The force between the two ships calculated
from formula (1.20) using that spectrum oscillates between attraction and repulsion depending on the distance

separating them.



Chapter 2

The physics and mathematics of waves
and how they grow under the wind
blowing

In this chapter is introduced some background about ocean waves. In section 2.1, we review the water wave
problem by taking a historical perspective and show that dispersion and weak non-linearity are nicely treated in
the framework of wave-wave interactions. Ocean waves are water waves coupled with the wind. We provide in
section 2.2 a brief history of the proposed mechanisms for wind waves’ generation before focusing on the Miles’
theory, as it is the core of our research presented in chapter 3.

2.1 Water waves: dispersive and weakly non-linear waves

2.1.1 Cauchy-Poisson problem and Airy linear theory

z =n(z,t) Pa

>_'.

Periodic

|

|

|
Pw

\

boundary

Figure 2.1: Schematic of the water wave problem in 2 dimensions where 7 is the surface displacement field about
the equilibrium position z = 0; p, and p,, are the densities of air and water, and & the water depth.

Water waves are as fascinating as they are ubiquitous. One can observe them by a windy day on the surface
of ponds, lakes, rivers, oceans... Their ever-changing pattern, endless succession of humps and hollows, has
attracted the attention of scientists and sailers for centuries. Their mathematical study started in France with
the prize competition on “The theory of the propagation of Waves, at the surface of a heavy fluid, of indefinite
depth” proposed by the French Academy of Sciences in December 1813 [6]. Cauchy won the prize but Poisson,
who was one of the examiners, also published his own work on the topic. They determined the waves created
by a sudden disturbance 7 at the air/water interface z = 0, what became the so-called Cauchy-Poisson problem.
They considered an inviscid irrotational and incompressible flow so that they had to solve the Laplace equation



with a deformable boundary! z = n(z, y, ¢). Assuming an infinitesimal 2-dimensional disturbance, the boundary
conditions were linearized about the unperturbed water surface n(x,y,t) = 0. However, they still had to face
the major issue of dispersion: waves with different wavelengths propagate at different speeds. Indeed, if one
tries to follow one of the ripples created when throwing a stone into water, one shortly looses it because it is
caught up by others. Cauchy and Poisson independently derived the dispersion relation of deep water gravity
waves: w = 4/g|k| where w is the angular frequency, g the gravitational acceleration and k the wavenumber
vector. In a modern view, they decomposed the initial disturbance n(x, y,t = 0) into Fourier modes, imposed a
linear evolution and obtained its shape at later times through an inverse Fourier tranform:

1 ~ ilkx —w : A —i(kx
n(z,y,t) = W Jf fi(k,1) e (ke+ly=wBD grdl  with fi(k,l) = JJn(x, y,t=0)e (k2+1Y) drdy. (2.1)
R2 R2

Although their results on the interference of Fourier modes in a dispersive medium are one the greatest scientific
achievements of their time, they were regarded as a mathematical curiosity. In fact, the physical theory of linear
water waves was provided by Airy in 1841 [8]. Waves are perturbations of the water surface and they propagate
due to a restoring force: gravity and/or surface tension, denoted o. Moreover, one can classify them in terms of
the water depth h. For the sake of simplicity, we will focus on a 2-dimensional problem (1-dimensional waves,
see figure 2.1). The general dispersion of capillary-gravity waves in a layer of finite depth is then [9]

9 ok?
w® = gktanh(kh)( 14+ — |, k= |k, (2.2)
where p,, is the density of water. The capillary wave length is defined as A, = 2=« ﬁ ~ 1.7 em. For

wavelengths much smaller than A, surface tension is the only restoring force. Conversely, for wavelengths
much greater than A, only gravity matters. Shallow water waves are defined by kh « 1 and, given A, such
waves cannot be capillary. Furthermore, their phase velocity ¢ = £ is constant equal to 1/gh, so they are not
dispersive. We will not be concerned with shallow water waves in this work. We will actually focus on the other
limiting case, kh » 1, corresponding to the so-called deep water waves. Their phase velocity is minimal at the
capillary wavenumber k. = /%% and can be expressed as

1

Cmin [k ke . dog\*
= — 4+ — with min = . 2.3
c \/i kc + k I 1 & un ( pw > ( )

The neglect of surface tension gives back the result of Cauchy and Poisson, ¢ = \/E , which is subsequently
correct for k « k..

2.1.2 Stokes’ non-linear step

Much of the zoology of water waves and how they propagate is therefore well understood. However, the frame-
work we have just described holds under the assumption that waves have an infinitesimal amplitude, whatever
their origin. In this work, we will be concerned with wind-generated waves. But when a strong wind is blow-
ing, it creates big waves sometimes so big that they break, for the greatest pleasure of surfers, because the local
downward acceleration of fluid particles exceeds the value of g; a phenomenon reported for the first time in a
scientific journal by Phillips in 1958 [10]. Therefore, non-linear effects should definitely be taken into account.
Their first study is due to Stokes for deep water gravity waves. In a seminal paper published in 1847 [11], he
showed that, in addition to their oscillatory motion, fluid particles are also advected by the flow in the direction
of wave propagation, so that they do not exactly have closed trajectories. This phenomenon is known to people
who practice tackle fishing in the ocean; they indeed experience a drift of their fishing float and even of their
boat, if they forgot to anchor it. This is referred to as Stokes drift, which mathematically corresponds to the
difference between the mean Lagrangian and Eulerian velocities:

ustro) = (€50 cutro.op = (| [ ulra, ()it - 9, [utra.t) ). (2.4

!Laplace was contemporary of Cauchy and Poisson, but the eponymous equation was first introduced in hydrodynamics by Euler in
1761 [7].

10



where £(r,t) denotes the position at time ¢ of a fluid particle located in 7 at the initial time ¢y. For a plane
wave 1(z,t) = a cos(kx — wt), Stokes obtained

ug(rg) = (ka)z\/g ek e, for ka « 1, (2.5)

where ka = s is called the wave steepness. This dimensionless parameter, also known as the wave slope,
characterizes the non-linearity of the waves. As Stokes masterfully noticed, s « 1 most of the time, so water
waves are actually weakly non-linear. Note that the Stokes drift is nevertheless a key process in the transport of
marine debris such as driftwood.

In the same article [11], Stokes used what is now called the Poincaré-Lindstedt method to derive a non-linear
dispersion relation for deep water gravity waves of small steepness, now known as the Stokes waves:

wi = gk:(l + 82), s« 1. (2.6)

Thus, Airy linear theory for deep water waves is valid® in the limit s — 0.

2.1.3 Modulational instability of a wave packet: NLS model

Stokes made a first step by deriving a dispersion relation that depends on the wave amplitude, but the evolution
of that amplitude was still unknown. The existence of Stokes waves was rigorously proved by Levi-Civita in
1925 [12], however such non-linear periodic wave trains are rarely observed in nature. In fact, Benjamin and
Feir showed in 1967 [13], both experimentally and analytically, that they are unstable to side-band perturbations:
a Stokes wave of wavenumber kg is usually accompanied by residual perturbations of wavenumber, say ky =
kot Ak with Ak « ko, and it turns out that those perturbations grow exponentionally, causing the disintegration
of the Stokes wave. From this observation naturally arises the question of how the interaction between dispersion
and weak non-linearity affects the propagation of a narrow wave packet centered around k. The simplest answer
is given by an envelope equation. The wave packet is represented by a surface displacement of the form [14]

n(xz,t) = %{A(x,t) ei(kom_wot)}, with wo = v/ gko- (2.7)
The condition of narrow spectral band-width, § = %" « 1, is equivalent to the complex wave amplitude being
slowly varying in space. Then, the latter is the solution of
. wo wo 1 2 2
A+ — Ay ) = —5 Aue + —wok§ |A|7A. 2.8
(At 2 40) = g Ace o+ guokd 4] @

This is a non-linear Schrédinger equation (NLS), which can be obtained using the method of multiple scale on
the water wave equations. We are going to highlight the general physical processes it describes. First, let us
remark that ;T(Z) = w'(ko) = cgo is the group velocity of the waves evaluated at ko; the propagation of the
envelope of a wave packet at the group velocity is a well-known result. So if we write equation (2.8) in a moving
frame defined as § = x — c4ot and 7 = ¢, the second term on the left-hand side disappears. Furthermore, let us
temporarily ignore the spatial dependence in the new frame. Hence,

iA, = %wokg |A]2A. (2.9)

Because the modulus of the solution | A| is constant in time, one readily finds A(7) = Ay e~¥**7, where Q =

%wo (k0|A0|) is simply the Stokes’ correction. Since Stokes considered a plane wave, he was indeed right to pre-
suppose a constant wave amplitude. The condition of weak non-linearity can be imposed by the transformation

A — sA. Then, the non-linear effects clearly occur on a time scale of order s~2.

Let us now give a heuristic derivation of the linear part of equation (2.8) for an arbitrary dispersion relation. The
initial condition must be a slow function of x, meaning that A(z,0) = f(dx). After expanding it in a Fourier
integral, the linear evolution of the wave packet is given by

1 Ak R i
n(z,t) = 9%{ o f A(k) eiltkotR)z—w(ko+k)t] dk}. (2.10)
T J-Ak

2For waves in finite depth, Airy linear theory is valid if in addition a « h. Futhermore, for shallow water waves the Ursell number

Ur = p%g must also be very small.

11



Because 4 « 1, we have k « ko and hence we can Taylor-expand the dispersion relation about ky. After
comparison with (2.7), we find

Az, t) = % f:kfi(k) eilke= (& Fore ) 4 )e] g (2.11)

which obeys
i(Ar + W' (ko) Az) = —%w”(ko) Ags. (2.12)
For deep water gravity waves, we effectively have w” (ko) = —4%‘:); < 0. We will see that the concavity of the

function w(k) is of primary importance. Let us emphasize that to have a balance between the different terms, the
complex amplitude must be a slow function of t. There are actually two time scales. The envelope propagates
on a time scale of order 5! and gets distorted on a time scale of order 6 2.

To summarize, let us combine the conclusions by rewriting the wave packet as

f = 5($ — Cg(]t)

2.13
T = 0% (2.13)

n(x,t) = %{SA(S, T) 6i(k°x“’“t)}, with {

This way, the scale separation is properly accounted for and the balance between dispersion and weak non-
linearity becomes transparent:

£2 ., s? 21412

10°A; = W (ko) Age + ?wok‘o |Al=A. (2.14)

When § € s « 1 non-linearity dominates dispersion and the wave-packet behaves like a uniform wave train
whose phase velocity depends on its amplitude. On the contrary, for s « § « 1 the propagation of the wave
packet is perfectly linear but fully dispersive, treated in a general manner. We will see that the form of the non-
linear term is not specific to water waves. Thus, the NLS is a general model for waves displaying § ~ s « 1. Let
us show that it explains the Benjamin-Feir instability, which is why it is often called the modulational instability
[15]. Still working in the moving frame, we perturb the Stokes’ solution as follows:

A&, 7) =[Ao + B(&,7)] e ™, with B « Ay. (2.15)

Since we are interested in side-band perturbations, we write B(¢,7) = By /A7 4 B e IAREETHT where
7 is the possibly complex growth rate to be determined and (B, , B_) € C2. The algebra, detailed in reference

[16], results in
9 AE?

72 = —4{2w”(k‘o)(kﬁo|A0)2 T [w”(ko>]2Ak2}- (2.16)

We immediately notice that this square is non-negative only if w” (ko) < 0, thereby revealing that concavity of
the dispersion relation is a necessary condition for side-band instability. However, this is not sufficient because
it also has a threshold. For deep water gravity waves, the dimensionless growth rate can be written as

RIS Ny ) (2.17)

w0=§

so that § < 24/2s is required for growth, which is maximal at § = 2s.

2.1.4 Wave-wave interaction

The mechanism of the Benjamin-Feir instability is well understood in the general framework of wave-wave
interactions [17]. In fact, the carrier wave is interacting with the side-bands in a resonant process characterized

by

ko + ko = ko + Ak + ko — Ak
{OJFO 0+ 2k + fio (2.18)

W(k()) + O.)(k(]) = W(k() + Ak) + w(k(] - Ak)

The condition on frequencies is clearly not fullfilled when using the linear dispersion relation wy, (k) = 4/gk. But
since we are dealing with waves of small but finite steepness, we should use a non-linear dispersion relation. For
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the carrier wave, we directly apply Stokes’ result: w(kg) = wp (1 + %) The side-bands suffer from non-linearity
in a different way. Indeed, they are infinitesimal (B « Ag) but they are riding on the carrier wave, which sets
up a Stokes drift. Evaluated here at the water surface, zg = 0, the latter is ug = cos? where ¢g = %g Due to

this wave-induced current, the side-bands are Doppler-shifted:
w(ko £ Ak) = wr(ko + Ak) + (ko £ Ak)us. (2.19)

A Taylor expansion of wy, at second order about kg shows that the condition on frequencies is fullfilled exactly
for the side-bands yielding the maximum growth rate of the Benjamin-Feir instability. This is probably the
best observational evidence of four-wave interactions. Such interactions are the consequence of dispersion and
non-linearity. They are mathematically described by the Zakharov equation [18]

0
% +wia; = —is? .[[[ T1234 a§a3a4 5(l€1 + ko — k3 — k4) dkodkzdks, (2'20)
R3
where k; denotes an algebraic wavenumber, w; = wr(|k;|), Thiosa = T'(k1, ko2, k3, ka) is a real scattering

coefficient and a; = a(k;,t) is a spectral amplitude related to the surface displacement by

1
1 LR ik
n(z,t =—J [ ] a(k,t) + a*(—k,t)}e™ ™ dk. (2.21)
CORE N P RCCOREO)
Zakharov derived equation (2.20) using a perturbative Hamiltonian formalism based on the assumption of weak
non-linearity of water waves. Since then, equations of the same form have been found for other systems of
weakly non-linear waves. It displays a clear time scale separation: waves have a fast oscillatory dynamics while
their amplitude is slowly varying because of wave-wave interaction. So if we define a ‘slow’ time t5 = s*t and

b(k,t) = a(k,t)e”“r) we get

b .
aT; = —zﬂf Tig34 bibgby e @W1Fwe=ws w5 (k) o ko — kg — ky) dkodksdhky. (2.22)
R3

First of all, the non-linear term of NLS straightforwardly emerges from this equation when considering a single
mode which is basically interacting with itself. Secondly, it now appears obvious that the key processes are
resonant four-wave interactions:

{k1+k2=/€3+1€4 (223)

W1 + W = w3 + Wy

Phillips, who is actually the first to come up with the idea of wave-wave interaction, proved in 1960 [19] with

wl’ 1

mZ’ 2

A

Figure 2.2: There is no resonant triadic interactions between deep water gravity waves because they cannot
satisfy both k1 + ko = k3 and wy + wy = ws. Figure adapted from [17].

his famous figure of eight that this system has solutions. Resonant triadic interactions are not possible because
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wy, is a concave functions, as can be graphically seen on figure 2.2; however, they are present when the surface
tension is taken into account.

Finally, it is worth noticing that the originally cumbersome expression of 17234 has undergone numerous simpli-
cations over the last half-century, especially after the release of Wolfram. For 2-dimensional deep water gravity
waves, its final expression is [20]

k1kokak .
Tiosa = 0(kykaksks) vk 42 3l (\/“““2 ¥ \/‘”3“4 ) min(|ki|, |kal, ks, [ka]), (2.24)
T w12

W3y

where 6 is the Heavide step function. Furthermore, the resonant manifold can very interestingly be decomposed
into two branches:

k= a(l+¢)?

k1 = ks and ky = ky 1=all o)
ko = aC*(1+ ()

or and 5 , aeR and (€]0,1]. (2.25)
]{33 = —aC

k1=k’4andk2=kz3 k‘4:0¢(1+c+(j2)2

Then one can check with expression (2.24) that 77234 is identically zero on the second branch. So we come to
the astonishing conclusion that there are only trivial resonant interactions in that case.

We close this broad introduction to the water wave problem with the emphasis that weak non-linearity is a
key feature in its mathematical treatment. Stokes’ expansion and the more general framework of wave-wave
interaction make sense only because the steepness of the waves is small. The reason for it is the existence of a
natural small parameter in the system: the air-water density ratio e = Z—“ Water waves are strictly speaking
interfacial waves, however the water surface has been treated as a free surface because € « 1. Indeed, it ensures
a weak coupling between air and water layers, and subsequentlty s « 1. This is an essential fact for the study
of wind-wave interaction.

2.2 Wind waves

2.2.1 Brief history of the generation of waves by the wind

The first mechanism for the generation of waves by the wind was proposed by Kelvin and Helmholtz around
1870. It was based on the instability of two layers of fluid having each a different velocity and now known as the
vortex sheet instability. However, the minimum wind speed for this instability to occur is too large. So it cannot
account for wind wave generation. Still the Kelvin-Helmbholtz instability is ever-present in nature and of great
importance in astrophysics.

It is only in 1925 that another mechanism was suggested by Jeffreys. He considered harmonic waves having
a phase velocity c together with a constant wind speed U and noticed that the pressure on the windward face
of a crest was greater than the pressure on the leeward face of that crest. Then he assumed that this pressure
difference should be proportional to the wave slope. This is the so-called sheltering hypothesis:

AP =5 p(U = ¢)* s, (2.26)

where s is named ‘sheltering coefficient’ and should be experimentally determined. The pressure asymmetry is
supposed to be due to flow separation: the air flowing over a wave separates somewhere on the downwind side
and reattaches on the upwind side of the next crest. Unfortunately, this mechanism turned out to be inefficient.
Moreover, Banner and Melville showed in 1976 that waves do not separate unless they break [21].

In 1956, Ursell wrote a very influencial review on the topic of wind wave generation where he concluded that
its current stage at that time was unsatisfactory [22]. As a consequence, a year later Phillips [23] and Miles [24]
proposed two independent mechanisms. The latter actually explains the growth of infinitesimal perturbations
under the wind blowing while the former details the generation of a spectrum of waves by a turbulent wind.
Thus, those mechanisms appear to complete each other rather than being in competition. In this work, we will
focus on the theory of Miles.
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2.2.2 A focus on Miles’ theory
Background: Instability of a parallel shear flow

Let us consider a parallel shear flow U = U(z) e, over a flat boundary of infinite extension located at z = 0.
Assuming this flow inviscid and the absence of gravity, it is a trivial solution of the incompressible Euler equation,
together with a constant pressure P. For the sake of simplicity, we take the density of the fluid constant. The
equilibrium state is now perturbed infinitesimally:

u=U +, [u/| « |U|, (2.27)
p=P+p, p « P. (2.28)

A normal mode analysis consists in looking for solutions of the perturbed state in the form
P (r,t) = p(z) efFrtlv=et) and /(e t) = [ 0(z) | efketly=et), (2.29)
w

After Squire theorem [25], to each 3-dimensional disturbance corresponds a more unstable one in 2 dimension.
Therefore, one can take [ = 0 and © = 0. Then it can be shown that the perturbed vertical velocity is solution
of the so-called Rayleigh equation:

(U = ¢)(0. — k*0) — U, 0 = 0. (2.30)

Since the flow cannot penetrate the boundary, ©(0) = 0. Furthermore, the disturbance should vanish at infinity.
This is an eigenvalue problem: one has to find for each mode k the complex phase velocity ¢(k) such that these
boundary conditions are satisfied.

Instability of a logarithmic profile over a layer of fluid

Miles addressed the problem of how the wind makes a deep water water gravity wave of infinitesimal steepness
grow. His idea was to look at that wave as a perturbation of the air flow and then study the stability of the latter.
The issue is of course that the wind is turbulent while all results of the theory of hydrodynamic stability are for
laminar flows [25]. Miles worked around the problem by averaging the turbulent flow.

A turbulent shear flow over a rough boundary located at z = 0 can be represented by the law of the wall [26]:

u(z) = LA™ (Z>, for Z» 29. (2.31)
KR 20

The overbar stands for time averaging, x = 0.4 is the von Karman constant, u, the friction velocity defined
from the constant shear stress 7p = p,u? and zg the roughness length, that is nothing but the height at which u
would vanish if equation (2.31) was applicable down to this height. Indeed, it is not valid close to the boundary
because of the effect of viscosity. When the time scale of turbulent fluctuations is much smaller than the period
of the wave, it is still valid to use equation (2.31) as a wind profile. Moreover, so as to mimic a viscous sublayer
it is extended down to the water surface in the form

Ulz) = = In (1 + Z) (2.32)
KR 20

Assuming that there is no wind-drift, U(z) = 0 for z < 0. Note that this profile is continuous at z = 0 so that

there is no Kelvin-Helmholtz instability. Since the perturbation is coming from the interface, one should solve

the Rayleigh equation both in air and water. Furthermore, at the moving boundary z = n(z,t) one should have

_dn
Yo dt
where % is the material derivative and, as previously, w is the vertical velocity, p the pressure. Nonetheless,

there is now gravity so that it is the hydrostatic pressure Py — pgz which is perturbed in each layer of fluid,
Py = p(z = 0) being an arbitrary constant. One introduces a perturbed stream function ¢’ such that

Wy = W and Pa = Dw (2.33)

u = — and W =1/ (2.34)

z x?
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and look for the normal modes ¢/ (1, t) = 1)(z) ei(k*=<t) Tt s straightforward that ) obeys the Rayleigh equation
(2.30). Along the same line, the wave is represented by 7(x, %) = a €!(**=!) but the dispersion relation c(k) is
now unknown. In fact, the whole point is to calculate it and show that it has a non-zero imaginary part. Since
ka « 1, the boundary conditions (2.33) can be linearized:

Vo =y = —ac and Pa — Pw = (Pa — pw)ga at z=0. (2.35)

In the establishment of equation (2.30), the pressure has been eliminated through an expression in terms of "
and U. It used to rewrite the second conditions as

a

[p{ﬁz(U —c)? - 1/3(UZ(U —¢)+ g)}] =0 at z=0. (2.36)

w

In water, the solution of Rayleigh equation is fairly simple since there is no basic flow: 1[)(1(2) = —ac ek,

Nevertheless, this eigenvalue problem is still analytically very hard to solve. Young and Wolfe [27] made it for
a double exponential profile. Otherwise, it has been numerically solved by Morland and Saffman [28]. But since
the coupling between wind and waves is small due to the natural small parameter € = 5—3, Miles could solve it
perturbatively with the expansions

c=co+ecs+ o+ ... and 1/321130—&-61/31—1—621/;2—&-..., €« 1. (2.37)

with ¢g = \/% . He eventually obtained the following expression for the growth rate:

|Utf<(zzf>)| X(z)PP,  where  Ulz) = co (2.38)

Y = —TeECy

defines a critical layer (see figure 2.3) and x = ﬁ})) is solution of

(U = co)(Xz2 — k*x) = U2 x =0, x(0) =1, X(2) o e*. (2.39)

Figure 2.3: Schematic of a critical layer, defined as the level where the wind velocity matches the phase speed of
the wave.
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Chapter 3

A numerical and asymptotic study of
the growth rate of wind waves

We present in this chapter our research’s results.

3.1 Mathematical statement of the problem

In this section, the dimensional variables are denoted with a star.

Let us consider a deep water gravity wave with wavenumber &, on the water surface, over which blows a wind
represented by the profile Uy (z,). The calculation of the growth rate given by Miles’ formula (2.38) involves the
solution of

" Uy (24) ke z
X' (zx) = {ki + } X (2), x(0) =1, X(25) oC e T, (3.1)

Let Uy be the characteristic velocity of the wind and L a characteristic vertical length scale. Dimensionless
variables are then defined as follows:

k= kil = — = —. 3.2
* U UO ’ z T ( )
Hence, the dimensionless form of (3.1) is
U// z ks
X'(2) = {k + U(”} XG0 =1 () ke 63
Z> o Fr\/E
We have introduced the Froude number F'r = U“L whose denominator is the phase velocity of gravity mode
g

of wave length L. In hydraulics, this number characterizes the flow in a canal where L corresponds to its depth:
it is said subcritical when F'r < 1 and supercritical when F'r > 1. We could keep those denominations for the
wind.

1

We denote ¢ = the dimensionless phase velocity of surface gravity waves. k is the ratio of the vertical

T
and horizontal length scales, so £ » 1 and k « 1 correspond to short and long waves respectively.

We require the following properties for the wind profile:

1. U(0) = 0 due to the no-slip condition at the water surface.
2. U’ > 0 so that there is only one critical layer.

3. U” < 0 to ensure the growth of waves.
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4. ZEI-ﬁI-lOC U”(z) = 0 for the desired asymptotic behaviour of x to make sense.
We will mostly focus on the standard profiles U; (z) = 1 —e ™% and U3(z) = In(1+ 2). Note that the exponential
profile is bounded, so L is the thickness of the air boundary layer in that case. As a consequence, it restricts the
range of values of k and F'r which have to be such that ¢ < 1. The logarithmic profile is more relevant from a
physics perspective because it comes from the theory of turbulent boundary layers; L is then interpreted as the
roughness of the waves.

The exact analytical solution of the boundary value problem (3.3) for an arbitrary wind profile is out of reach. In
section 3.2, we develop an efficient scheme for solving it numerically, then compute the growth rate and compare
it with experimental data; meanwhile, we show that our scheme is applicable to a wide class of problems. In
section 3.3, we derive asymptotic solutions of (3.3) in the short and long wave approximations.

3.2 Numerics

In 1959, Conte and Miles [29] developed an algorithm based on the Frobenius’ series to compute the coefficient
B but it works only for the logarithmic profile. Almost fifty years later, Beji and Nadaoka [30] proposed a
method for solving (3.3) for an arbitrary wind profile. We considerably improved its efficiency by separating the
integration of real and imaginary parts and defining a simpler criterion of convergence at infinity. Moreover,
we noticed that their sophisticated local solutions can be readily replaced by the leading order terms of the
Frobenius’ series. This way, we obtained a general procedure for solving linear boundary value problems having
one or more regular singularities. Accuracy of our scheme has been checked by recovering the results of [29].
We realized during the writing of this work that ten years after the publication of [29], Hughes and Reid [31]
had developed a scheme based on the same ideas, though with a different treatment at infinity, in their study of
the exponential profile which is not cited in [30].

In this section, we first summarize the results on the Frobenius’ series for this problem. Then, we refine the local
analysis of [30] and detail our improvement of their numerical method. We eventually expose the generalization
of the scheme.

3.2.1 Frobenius’ series

There is a singularity at z = z., defined as U(2.) = ¢, that makes the resolution of (3.3) challenging. Let us
expand U in a Taylor series about 2., denoting the derivatives at this point with a subscript c:

Z U (z— Z° (3.4)
_ n—2
U (z Z U (z ZC))' , (3.5)
" +oo U(n+2) (z—z.)" "
U'z) _ n! Ue (3.6)

U@ —c  yio g0 Ga % Ui — )

We assume that both U/ and U/ are non-zero. Therefore, the singularity at z = z, is regular and we can look

for solutions of the form [32]
+00

x(z) = 2 aj(z — z.)7**,  withag # 0. (3.7)
§=0
Using the expansions (3.4) and (3.5), we find the indicial exponents s; = 1 and sy = 0, differing by an integer.
Thus, two linearly independent solutions of the Rayleigh equation are

+

x1(z) = Z a;j(z — z.)'t, (3.8)
j=0
+00 .

XZ(Z) = Z b](z - ZC)J +C Xl(z) Log(z - Zc)v (3-9)
Jj=0
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where

In(z —2.) ifz>z (3.10)

Log(z — z.) = {

In|z —z.| +ir ifz < 2

denotes the principal determination of the complex logarithm, with a branch cut just below the negative real axis.
According to Fuchs’ theorem, those series are converging. As usual, we set ap = 1 and by = 1; the coefficient

U UN
2U, and C = 0

c

bs,—s, = b1 is undetermined, so we can choose b; = 0. After some algebra, we find a; =
Furthermore, for n = 2 and V(j, m) € N x N*,

U(m) Uém-&-l) ) Uc(m) Uc(n+1) Ué/ Uc(n)

(mzjl)/ [(J +2)( + 3) %2~ maﬂl —k | = CER A (3.11)

n=m’+j+1
(m) U(m+1) U(’m) U,/ U(rn) U(n+1) U// U(n)
. . c c 2 Uc c

(Z)/ [(J D0+ = o yben — RSl + QT8 gt | = G T

m’j
n=m+j+1

Thanks to these recursion relations, we are able to calculate one by one all coefficients a; and b;. The first terms
are

Uél U//I
() = st g (o= g (84 59 ) (-2 4 O = 20 (3.12)
" k2 U/// Ué/ 2
) = g wale) Loge — s+ 14 [0 20 (T) |emspr oG- oo

They are the so-called Tollmien inviscid solutions [25], in terms of which the boundary value problem (3.3) can
be theoretically solved:

x(2) = A1 x1(2) + A2 x2(2), (A1, A2) € C2. (3.14)

However in practice, the calculation of the coefficients A; and A, is a very difficult task. We readily notice that
X(zc) = Ao and that all derivatives diverge at z..

3.2.2 A local (modified) Bessel equation

Following [30], in order to study the behaviour of the solutions of the Rayleigh equation around the singularity,
we keep only the first term in the Taylor series (3.4) and (3.5):

X'(z) = <k2 + Ué(zU{zc))X(z) (3.15)

(2 — z.) ! becomes very large near z. so that we can discard the term proportional to k2. Moreover, we perform
the change of variable 3 = —g—l,/ (z — z.) and obtain

3X"(3) +X(;) =0. (3.16)

This ODE looks very simple, however the coefficient of the second derivative can change sign so that we expect
a different behaviour on each side of the singularity. Performing the transformation

Sot =23 if
X)) =1? _(5), §=2y5 i 3=0 (3.17)
5076, £=2y—3 if3<0
it is mapped to a Bessel equation above the singularity and a modified Bessel equation below:
d>ut dut
2 — — 1)U = 3.18
& e @D VO -0, (.18
d>U- dv—
2 — — (41T (=0 3.19
L SRR AGEL (3.19)
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Hence, the general solution of equation (3.16) is

(3.20)

X(3) = Vi [A1(2v3) + BYi(2y3)] if3>0
! H[Cll(zx/j?))‘FDKl(?\/fj)] if3 <0

where A, B, C, D are complex constants. However, they are not independent because the two expressions in
(3.20) should have the same analytic continuation on their Riemann surface. In addition, X should be continuous
at the singularity since both Frobenius’ exponents are positive. For 3 < 0, /3 = +i4/—3 is multivalued because
of the algebraic branch point 3 = 0. We choose to work on the principal sheet, defined by the polar angle
6 €] — m, 7]. In so doing, we select + and then invoke the functional relations

Ve >0, Ji(iz)=1iL(z) and Yi(iz) = % Ki(z) — I (x). (3.21)

Note that the origin is a concomitant logarithmic branch point due to the (modified) Bessel functions of second
kind. One can match the two expressions of x given in (3.20) and get the conditions

b_ 7 (3.22)

{C = —(A+iB)

which are dependent on our choice of Riemann’s sheet.

The advantage of the form of the solution (3.20) is that it is a linear combination of real functions on each

interval. Therefore, we can conveniently split real and imaginary parts, which will be very helpful for the

numerical integration. Since J; (0) = 0 and Y; () > — 2 we readily find y;(z.) = —Z.

3.2.3 Improvement of Beji and Nadaoka’s method

For the sake of convenience, let us introduce some notations:

X1(3) = v3 11(2v3), X2(3) = V3 1(2v3), (3.23)
X3(3) = V=3 h(2v=3),  Xu(3) = V=3 K1(2v=3). (3.24)

With A = a + iband B = ¢ + id, the real and imaginary parts of the solution (3.20) are

RIXT} =a Xy +c Xy, (3.25)
X} =bAX +d Ay, (3.26)
R{X} = (d— a) X — % X, (3.27)
XY = —(b+ ) Xy — %d X (3.28)

Let us rewrite the boundary conditions in (3.3) as well:

R{x}(0) =1
S{x}(0) =0
R{X}(2) +ER{x}(2) =0 (3.29)

(
IV [

SIHE) + RS (=) -

We insist on the fact that the solutions (3.25) to (3.28) are not valid where those boundary conditions apply. Thus,
we are going to develop a variant of a shooting method. The idea is to use our local solutions to generate initial
conditions near the singularity and numerically integrate the Rayleigh equation up and down until “infinity” (to
be specified) and zero respectively. Let us denote r = — % > (0 and make a jump of amplitude § = 10~¢ on each
side of the singularity. Basically, Xt (rd) and X~ (—rd) serve as initial conditions for the numerical integration
and we have to find the proper coefficients a, b, ¢, d so that the boundary conditions (3.29) are satisfied.
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So as to integrate the Rayleigh equation, we express it as a 2-dimensional first order ODE:

0 1
; X
v = Au, with u= ( Y ) and A(z) = <k2 [(J:)(f)c) 0) . (3.30)

Then, for an initial condition ug at zp a formal solution of that equation is

u(z) = L(z, 20) uo, with  L(z, z9) = Tebo A4 (3.31)

T is the time ordering operator. Defining u; 2 (X, X])" Vj € [[1,4]], the local solutions (3.25) to (3.28) yield a
set of initial conditions at z, + d:

u = auy(rd) + cuz(rd), (332)
u; =buq(rd) + dua(rd), (3.33)
u, = (d—a)ug(—rd) — % ug(—19), (3.34)
u; = —(b+c)us(—rd) — 2?(1 ug(—r0). (3.35)

At this stage, we use the essential fact that £(z, zg) is a linear operator.

Riu(z)} = L(z, Jut =aL(z,z.+0) ur(rd) + ¢ L(z, 2. + 9) u2(r5) ifz> 2z
L(z,2c—0) uy = (d—a) L(z,2z. — 6) ug(—18) — 2 L(z, 2. — 6) ug(—76) ifz < z
L( 0) uj = )
L( 0) u; =

=bL(2, 2.+ 0) ur(rd) + d L(z, z + 0) ug(rd) ifz> 2z
—(b+¢) L(z, 2. — 6) ug(—rd) — 2% L(2, 2. — §) ua(—rd) ifz < z

2y Zc +

2, %c —

Now, L(z, z¢ + 6) w;(£rd) = (x;(2), X (z))t is nothing but the solution of equation (3.30) at z 2 z, satisfying
the initial condition w;(+rJ) at z. + . We are clearly not able to analytically calculate the time ordered expo-
nential operator but we can numerically compute this solution for any z. We define the upper limit of integration

as 2o = f% In(Xmin) with for instance Xnin = 10~3. The boundary conditions (3.29) are eventually reduced
to the simple algebraic system
—x3(0) 0 —2 x4(0) x3(0) a 1
0 —x3(0) —x3(0) —2 x4(0) b |_| 0
X1(2e0) + K x1(200) 0 X5(200) + K X2 (200) 0 c 0 |
0 X1 (za0) + k x1(200) 0 Xh(ze0) + k x2(200) d 0

which can be solved analytically. The trick we have used in the above derivation can be formally stated as
follows:

Lemma 1. Let (E) be a n-dimensional linear first order ODE on a field K, whose independant variable will be
denoted t. Let o, B € K™. If fo and fg are solutions of (E) satisfying the initial conditions (to, o) and (to, 3)
respectively, then \ fo + p fg is the solution of (E) satisfying the initial condition (to, A oc + p ) for any X and
winK.

This numerical scheme depends on which Riemann’s sheet we choose to work on, through the relations (3.22).
For example, if we instead opt for the sheet defined by the polar angle 6 €| — 37, —7], then for 3 < 0, /3 =
—i4/—3 and we now shall use

Ve >0, Ji(—iz)=—ili(x) and Yi(—iz)= f% Ki(z) — I (). (3.36)

It yields C = —(A—iB)and D = —%. Nonetheless, one can check that it leads to the complex conjugate of
the present solution. This is fine because we are interested only in its modulus.
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3.2.4 General Frobenius-based scheme for linear singular boundary value problems

The local solutions we have used in the previous section come from an analysis specific to the Rayleigh equation.
Nonetheless, the leading order terms of the Tollmien inviscid solutions (3.12) and (3.13) provide us another set

of local solutions: ,

Xloc(z) = Al(z - Zc) + A2{1 + %(2 - ZC) Log(z - Zc)} (3~37)

There is no need to include more terms in the expansion because this local solution will be evaluated extremely

close to the singularity (z — z. = 107%). In fact, if we Taylor-expand (3.20) about 3 = 0 we get back (3.37); that
makes sense since one way of defining the (modified) Bessel functions is by their Frobenius’ series.

Now, we can repeat the procedure we have just described. With A; = a; + ib; and Ay = as + ibs, we find

R{XDe} = a1 Xioe1 + a2 Xioe,2, (3.38)

%{Xlt,c} = bl Xloc,1 + b2 Xloc,25 (339)
U//

R{Xpe) = <a1 — ﬂszC,) Xioe,1 + 42 Xioe,2, (3.40)
o

%{Xl?)c} = <bl + 7TCLQU-C,) Xloc,1 + b2 Xloc,25 (3'41)
C

U//
where Xioc,1(2) = 2z — 2c and Xioc2(2) = 1 + 75

application of the boundary conditions (3.29), we get another algebraic system for the coefficients a1, as, by, bo
whose analytical solution is also known.

(z — z.)In|z — z|. After integration from z. + ¢ and

7
c

Note that if we had taken the branch cut just above the negative real axis (instead of below), then we would
have got —i7 in the complex logarithm (3.10), which impacts (3.37). But from the analytical expression of the
coefficients aq, ag, b1, b in terms the integrated local solutions, we can show that the transformation 7 — —7
implies a3 — a1, ag — ag, by — —by and by — —by. We conclude that moving the branch cut from the lower
to the upper part of the complex plane is equivalent to take the complex conjugate of the solution. This is the
counterpart of our discussion about Riemann’s sheets in the end of the previous section. The reason for such a
phenomenon is that when integrating a function with a singularity on the real axis, one has to make a detour
either in upper or the lower part of the complex plane.

Since the Frobenius’ series always exists for linear ODEs and are converging about any regular singular point,
our scheme could be used to solve other problems. The most general one we can think of is of the form y’ = Ay
together with n boundary conditions, and .4 a n-dimensional complex matrix function on R having one or several
regular singularities. In addition, if some boundary conditions are at infinity, the corresponding asymptotic
behaviour of the solution should be known so that one can define the limits of integration, as we did for z.
We propose to deal with the case of two (or more) singularities as follows. One has got a linear combination of
n local solutions around each singularity. There is no reason for the coefficients of those linear combinations
to be the same. Thus, one is left with 2n coefficients to compute but still only n boundary conditions. One
shall choose n points between the singularities and impose the integrated linear combinations to be equal at
these points. Note however that in dimension n > 2, the question of well-posedness of the problem should be
addressed before any numerical attempt to solve it.

3.2.5 Comparison of Miles’ theory with Plant’s experimental data

In 1982, Plant gathered four data sets of measurements of initial growth rates [33]. He plotted the growth rate
normalized by the frequency, which represents the strength of wind-wave interaction, as a function of the wind-
forcing of waves “*. Thanks to our numerical scheme, we compute the growth rate given by Miles’ formula
(2.38) and confront it to this experimental data in figure 3.1 with F'r = — “;ZO = 18.25. There is a pretty good
agreement for %+ < 2, although the data points are pretty scattered. Note that Mitsuyasu and Honda [34]
produced the same year as Plant a similar figure with their own experimental data, unfortunately as scattered
as his. There is an ongoing work together with the asymptotics developed in section 3.3 to understand the
discrepancy between Miles’ theory and experiments for “* > 2. In addition, we seek to rationalize the power

c
law that seems to appear in figure 3.1.
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Figure 3.1: Comparison of Miles’ theory with Plant’s experimental data.

3.3 Asymptotics

An exact analytical solution of the Rayleigh equation in terms of hypergeometric functions was obtained for
the exponential profile by Hughes and Reid in their paper [31] published in 1965. It was then used by Miles
himself to solve the boundary-value problem (3.3) for this profile, in the appendix of a paper by Morland and
Saffman published in 1993 [28]. Moreover, since hypergeometric functions provide very little intuition of the
actual behaviour of the solution, he also calculated approximate expressions for small and large wavenumbers.
The same year, when he revisited his theory, Miles included other effects from turbulence and proposed an
approximate formula his growth rate [35]. In this section, we also study long and short waves but working
directly on Rayleigh equation in order to draw general asymptotic features for a wind profile having the minimal
properties given in section 3.1.

3.3.1 Short waves

Let us consider short waves, which means that & » 1. Therefore, we can introduce the small parameter ¢ = %
and get to solve

" U"(2) .
e x'(2) = {1 + €2 M} x(2), x(0) =1, ZEwa(z) = 0. (3.42)

The Froude number affects only the position of the singularity. Since U is monotonic, we can define its inverse

function U~! which has the same monotonicity. Then z, = U -1 (%) and so for a fixed ¢, the smaller F'r the
larger z..

The small parameter multiplies the highest derivative so we shall perform a singular perturbation analysis.
However, this equation does not have a form appearing in the standard textbooks on asymptotic methods ; it
is a Schrodinger-like equation whose potential depends on the small parameter. Thus, the WKB method is not
applicable. We are going to use instead the boundary layer theory. We indeed expect a boundary layer at the
singularity, since the second derivative becomes infinite at this point, but its structure should not be the same
for the real and the imaginary parts because they satisfy different boundary conditions. Note that the position
of this internal boundary depends on the small parameter, in addition to F'r, which is unusual.

23



We seek an outer solution in the form of a perturbation series in power of ¢:

Xout(2) = X0(2) + ex1(2) + €xa(2) + ..., €= 04, (3.43)

which immediately leads to xo = 0. In words, the outer solution at leading order is identically zero.

Z—2¢

Let us define an inner variable Z = , where 6 > 0 is the thickness of the boundary layer, and an inner
solution X, (Z). To determine §(¢), we rewrite the local equation (3.15) in terms of the new variable and look
for a dominant balance:

Nxrzy i Sy 2 Z=0(1 3.44
(5) xt@ = {1+ 555 { Xuld). 20, (s.)

< 1so

that we readily get the distinguished limit § = €. The appropriate perturbation expansion of the inner solution
is

The ratio Lf}é a priori depends on € because z. does. Nonetheless, for physically relevant profiles |g—z

Xin(Z) = Xo(Z) + eX1(Z2) + € Xa(2) + ..., €— 04, (3.45)
which leads to
X{(Z2) = Xo(2). (3.46)

The general solution of this ODE is Xo(Z) = C e~ Z + Cy e with (C1, C3) € C2. Very unexpectedly, the inner
solution at leading order has no singularity.

Now that the thickness of the boundary layer is known, we come back on the key fact that its position depends
on € and Fr. If z. = O(e) or even z. < ¢, then the boundary layer actually touches the lower boundary.
Subsequently, there is only one outer region. We first accomplish the matching between inner and outer solutions
in this case. The constants C'; and C'; are determined by the matching principle

lim xo(z) = Zlim ‘XO(Z). (3.47)

Z—Zc4 +00

To preclude divergence, we have to choose Cy = 0. We are in the case where the inner solution is in fact valid
at z = 0, so (] is found by enforcing the boundary condition at this point:

XO( _ Z) _ e (3.48)

Hence, Xo(Z) = e=Z~"¢. A composite solution is constructed using the additive rule of Van Dyke, hence

o

Xunif,0(%) = inner + outer — common part = e~ (3.49)

Finally, let us deal with the case where z. » € meaning there is an outer region between the lower boundary
and the critical layer. Note that for a given ¢, it is the value of the Froude number which makes the distinction
between the two cases. Basically, this one occurs when F'r < 1 and the previous one when F'r > 1. The solution
at leading order is the same in both outer regions, so we still have C'y = 0. And from the matching principle

lim xo(z) = lim Xo(Z2), (3.50)
Z—Ze— Z——0
we infer C; = 0. However the calculation is not over. Indeed, the imaginary part of o trivially obeys the

boundary condition at z = 0 but its real part does not. Thus, the real part of the solution at leading order must
have another boundary layer at z = 0. Let us examine its structure: it is standard to regard the coefficients of a
linear ODE as constant within a boundary layer. Since U(0) = 0, we get

e x'(2) = {1 — 3 Fr U”(O)} x(2), around z = 0. (3.51)
We are in the case where F'r < 1 and U”(0) = O(1) for physically relevant profiles. Then, one readily shows

that this boundary layer also has a thickness €. Defining a new inner variable Z = £ and the corresponding
inner solution X;,(Z), the above equation becomes at leading order

X0(Z2) = Xo(2). (3.52)
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The solution in the internal boundary layer being identically zero, this is actually a situation identical to the case
Fr > 1. Therefore, we infer X((Z) = e~Z and the same composite solution as previously.

We conclude that in the limit of large &k and for any value of F'r, the leading order solution of the boundary value
problem is real, equal to the free-stream solution e~*%. This result is independent of the form of the wind profile.
Furthermore, we have showed that it holds for any value of z., or equivalently, of % Hence, it is not affected
by dispersion and is subsequently also valid for capillary waves. The comparison between the exact numerical
solution obtained with our scheme and those general asymptotic results is very good even for € = 0.1, especially
for large values of F'r; see figures 6.1 to 6.6 in the appendix.

3.3.2 Long waves

Let us consider long waves meaning that & « 1, that we can use a small parameter in (3.3). Still, we denote it €
to respect the tradition in asymptotics:

X"(z) = {62 + U(ZI;N—(Z)l} x(2), x(0) =1, lim x(z) = 0. (3.53)

[e0]
Frve z—+

We are going to solve this problem with the method of matched asymptotic expansions. At first, we could be

tempted to simply discard the term €2 however lim U=~ 0_, sonot only the term €? is the dominant
z—+00 U(Z)_Fr\ﬁ

one for large z but, after the intermediate value theorem, there is a point z5 > z. where

"
€+ L%)l =0. (3.54)
Ul(zs) — Fre

The solution x(z) has an inflexion point at z = z; its uniqueness can be ensured by requiring U” > 0. We
define a lower region z « z, and a higher region z » z, look for solutions within each of them and eventually
match those solutions in the intermediate region around z = z,. The equation to solve in the lower region is

U// (Z)

U(z) — Frl\/g

X71(z) = xr(2). (3.55)

Let us study wether it is valid to extend the lower region until z = 0. Since U(0) = 0,

U”(Z)

U(z) L

~ Fry/elU"(0)]. (3.56)
T Frife 0

For physicallgy relevant profiles, U”(0) = O(1) so we can neglect the term ¢ at the lower boundary provided
that F'r » ez. Then, denoting ¢ = ﬁ\/g, an obvious solution of equation (3.55) is U — ¢ from which one can
readily construct another one, linearly independent. So the solutions in the lower region are

xr1(z) =U(z) — ¢, (3.57)

yia(2) = x4 (2) f T

7)@1(2’/)2. (3.58)

Up to now, we have been able to get solutions in the higher region only for the exponential profile U;, that we ex-
pose below. We are currently seeking solutions for the logarithmic profile U; but its unbounded character makes

it challenging. Unlike the solution in the short wave approximation, the one in the long wave approximation
strongly depends on the form of the wind profile.

Solution for the profile U;

For this profile, defined in section 3.1, it is very convenient to rewrite the problem in terms of the variable
3 = z — 2, introduced in section 3.2.2:

X"(3) = {62 _ } X(3), X(—z2) =1, lim X(3) =0. (3.59)



The general solution in the lower region is X1, (3) = E X11(3) + F X12(3), with (E, F) € C? and

Xri(3g) =1—e73, (3.60)

Xr2(3) = (1—e7?) { T + Log (e? — 1) } (3.61)
In the higher region, the equation to solve is

XiG) = (€ —e)xuG), (G, H)eC (3.62)

which can be mapped to a Bessel equation of order 2¢ by a smart change of variable. We infer its general solution:
X1 (3) = G Joc(2¢7 %) + H J_oc (27 %), (3.63)

We have to take H = 0 for non-diverging solutions since .J, () ¥ (%)V Note that we get the asymptotic

exponential behaviour imposed in our numerical scheme. Since matching the two pieces of solution in the
intermediate region is difficult, we try to connect them in a somewhat simpler manner. With the help of the
numerics, we notice that there is an extremum in the intermediate region and choose to do patching at this
point. We proceed as follows: we look for the position of the extremum in the higher region, then impose the
solution in lower region to be extremal at this point and have the same value.

One can check that the equation Jj, (26_%) = 0 has a unique solution on R} for ¢ « 1, which we denote j..
For the moment, this equation is solved numerically but we are also seeking possible approximate solutions.

By imposing X7} (3x) = 0, we get the relation
B+ {e* +1+In(e" —1)}F =0, (3.64)

Then the continuity of the solution at z = 3.,

B Xp1(32) + F Xp2(0) = G Joc (27 %), (3.65)

yields
B =e (207 ) {ev + 14 m (e 1) | G, (3.66)
F=—e%J (27 %) G. (3.67)

Note that all these relations are independent of z., which appears only when we eventually impose the lower
boundary condition:

(1 — eZ“)

After plugging (4.4) and (4.5) into it, we obtain the final expression

1 K +irm 1 e —1
G = _ ., K=e*+1-— +1 . 3.69
673*J26(26_‘7)(1 o €ZC) K2 + 7-[-2 € 1 — e Zc n (1 _ ezc> ( )

1 o

This calculation shows an excellent agreement with the numerical solution obtained with our scheme when
ze = O(1) or larger, even for ¢ = 0.1. For small values of z, there is a discrepancy which can however be
compensated by taking a tiny ¢; see figures 6.7 to 6.11 in the appendix.

26



Chapter 4

Complementary information on waves
in the ocean

In section 2.1, we have discarded several effects in the water wave problem so as to make the presentation of
wave-wave interaction more accessible. We now show how to take them into account. In particular, we calculate
the wave energy from which the ocean wave spectrum is defined in equation 1.1.

4.1 Water wave problem

We summarize here the water wave problem in its whole generality. It is a boundary value problem whose
boundary conditions depend on the solution. We consider a 3-dimensional problem (2-dimensional waves) with
the following notations: r = (z,y,2)!, € = (z,y) andu = ul + w e..

We take a horizontal domain of finite extension D = Ax x Ay with periodic boundary conditions. The projection
of the gradient on D is denoted v/!. We include both gravity and surface tension. In addition, the bottom
topography is represented by a function h(x).

We have to solve the Laplace equation V2¢ = 0. The kinematic boundary conditions at the water surface and
the uneven bottom are

o+ Ve - vly=0.¢ at z =n(x,t), (4.1)
0.6+Vlep.Vih=0 a z=nhn=). (4.2)
Furthermore, the dynamical boundary condition at the water surface is
1 v/
0+ 5 Vol +gn+ L =2 wl. (”) at  z=n(x,t). (4.3)
Pw Pw /1+|V“7]‘2

4.2 Wave energetics

The wave energy is the mean energy per unit area: £ = T + V where T and V are the kinetic and potential
energy parts respectively. Similarly, the wave momentum M is the mean momentum per unit area. Ocean
waves are random so one has to use an ensemble averaging, which should obey Reynolds averaging rules. For
random functions f, g and a = cst, they are the following [26]:

(f+9)=L{H+p, (4.4)
(af)=alf), (4.5)
{(a) = a, (4.6)
Osf) = 0s{f) for s =ux,y,t, (4.7)
LH g =<{H - (4.8)
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The combination of (4.6) and (4.8) leads to

=<5 (4.9)

In this section, we consider progressive periodic waves of small steepness so that results of the linear theory can
be applied. Moreover, the averaging is then easy to define and can be related to the experimental point of view.
Nonetheless, all results can be generalized to statistically homogeneous random wave fields provided that the
water depth if constant. We assume it so; the kinematic boundary condition (4.2) is then reduced to

0,6=0 at z=0. (4.10)

Most of the results of this section can be found in the book by Phillips [36]. Nonetheless, our energetic inter-
pretation of the ratio of group and phase velocities and its application making the calculation of the radiation
stress tensor straightforward seems to be new.

4.2.1 Average definition(s) and reduction to a one-dimensional plane wave

Let us consider a surface displacement 7(x, ¢) which has the form of a 2-dimensional progressive periodic wave.
Then it is characterized by its period T together with its wavelengths L, and L,. Moreover, under some rea-
sonable assumptions of regularity, it can be expanded in a Fourier series:

+00
n(x,t) = Z {an cos(nk-x —wpt) + by, sin(nk-x — wnt)}, (4.11)

n=1

t . . . . .
where k = (2—” 2”) , W1 = 27” and Yn € N*, w, = w(nk) with w a function characterizing the dispersion.

I.0L,
Ly Ly
4 2 (2
n = L.L, J—Lf J—Lzy n(x,t = 0)cos(n k - x) dedy, (4.12)
Ly Ly
4 = 2
by = L.L, J_L; f_L; n(x,t = 0)sin(n k - ) dxdy. (4.13)

It will be proved in section 4.2.5 that, in the absence of currents, the mean water level is equal to zero; reason
why we took a¢ = 0.

We have adopted here the approach of Cauchy and Poisson to define the Fourier coefficients from the initial
disturbance because the wavenumber spectrum is more convenient than the frequency spectrum for theoretical
purposes. However, their definition with a time integration at an arbitrary point of D is also fine. In fact, in
practice experimentalists take averages over one period. This operation trivially commutes with V but does not
with J;. Conversely, an average over the wavelengths commutes with J; but certainly not with V!l There is
actually no issue because we are dealing with functions which are periodic both in « and ¢, generically denoted
f, so that whatever the definition of the average {...) is we will have!

@ f>=0  and <v” f> —0. (4.14)

However, we are considering a progressive wave so 7 actually depends only on the phase ¢ = k-a —w;t. There
exists non-linear progressive waves which are not periodic, like solitons and cnoidal waves, but we will not be
concerned with them here. Thus, we conveniently take an average over the phase:

D=5

T

Jdep. (4.15)

It has the advantage of formally obeying Reynolds averaging rules, especially (4.7).

The condition of small steepness apply to each harmonics: Yn € N*, n|ka,| « 1 and n|kb,| « 1. Along this
line, let us mention an interesting result about the Fourier coefficients.

!t would not be the case if we had taken the bottom topography into account.
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Lemma 2. (Riemann-Lebesgue)
Ifn(z,t = 0) is bounded and integrable over L, x L., then hm an, =0and lim b,

n—+0o0

Stricto sensu, it does not ensure the small steepness of higher harmonics. Nonetheless, it gives hopes about the
existence of a class of functions whose Fourier sequence is absolutely decreasing faster than n. For instance, it
is the case for the 27-periodic function defined to be equal to 22 on the interval | — , 7r]. For such functions, it
would be enough to impose |ka1| « 1 and |kb;| « 1 to make sure that all harmonics have a small steepness.

The condition of small steepness allows us to linearize the boundary conditions (4.1) and (4.3). Hence, we can
restrict our attention to a plane wave n(x,t) = a cos(k - * — wt) and apply the superposition principle in the
end. This wave propagates in the direction of k and is invariant by translation in the orthogonal direction. Thus,
by setting up the direction of propagation along the z-axis one can simply consider a perturbation of the form
n(x,t) = a cos(kx — wt) invariant by translation in the y direction, which is in effect one-dimensional.

In that case, the velocity potential and subsequently the velocity field are known explicitly at the first order in
ka. The phase velocity is denoted ¢ = 5 k. One can show that the group velocity ¢, = V w is nicely related

tocas )
1 2kh 1+3(E)
= — £ . 4.1
€ 2<sinh(2kh) i) (4.16)

4.2.2 Wave energy
We treat separately the kinetic part and the contributions from gravity and surface tension.

1. The wave kinetic energy is

T= fn 1 |u|? dz ~JO 1 <\u|2>dz—1 a? 1+i2 (4.17)
- n 2pw - h 2Pw - 4ng Pwd :

The integration from troughs to crests has been discarded because it would yield terms of third order in
ka. The final expression was obtained thanks to the first order velocity field. Still, the following form
(proved in section 4.2.9) will be useful:

1 1
T = ipw <¢|z:n(}t7l> =~ ipw {B|z=00:m) - (4.18)

The approximation is for waves of small steepness; it gives back the final result of (4.17) when using the
first order velocity potential.

2. The contribution of gravity to the wave potential energy is the difference between the gravitational energy
of the water surface with and without waves:

" 0 1 1
Vy = <J Puwg? d2> - <f Puwg? dZ> = 5Puwl (?) = prgaz. (4.19)
—h —h

Note that this result holds for waves of arbitrary steepness.

3. Surface tension is by definition an energy per unit area. Thus, to get its contribution to the wave potential
energy one has to multiply it by the mean relative change of area. In the absence of waves, the water
surface is flat and its area is simply AxAy. The wavy surface is represented by the Cartesian equation
z = n(x,t). Hence,

_— e 19 oy - R L .

AxAy AxAy

JEANIN i
D

The Taylor expansion in equation (4.20) holds for waves of small steepness.
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From equations (4.17), (4.19) and (4.21), we see that T = V and so

1 k2
E = Zp,ga® (1 + U). (4.22)
2 Pwy

The equipartition of energy into its kinetic and potential components is true for any system undergoing small
oscillations, as a consequence of the virial theorem for a harmonic potential.

Formula (4.22) can be written in a simple closed form inspired from (4.19) and (4.21):

E = pwg<n2>+o<}V”77|2>. (4.23)

The reason why we skipped the horizontal integration in the second term is the following. Since we are consid-
ering perfectly periodic solutions of the water wave problem, we can restrict the horizontal domain to L, x L.

Thus we recognize a spatial averaging of <\ v 77|2>. But as discussed in section 4.2.1, the spatial average is
equivalent to {...). The conclusion then follows from the complementary Reynolds averaging rule (4.9).

Note that this closed form is consistent with Parseval theorem:

Py =1 io (a2+82) and  (VIgR) - L io {Ikanl? + [kba|?} (4.24)
77 2 ln/:1 n n "7 2 n:1 n n . .

4.2.3 Wave momentum

By definition, the wave momentum is

7 n 0
M = <J_h Pl dz> = <J;) Pul dz> + f_h pw {uydz. (4.25)

The average commutes with the integration only in the second term because 7 is function of time, unlike . Due
to the irrotationality, one has (uy = (V ¢) = 0 for progressive periodic waves of arbitrary steepness. Therefore,
the region below wave troughs does not contribute to the wave momentum. Then,

7 n
M = <L Puwl d2> = <L pwu‘z:O dZ> = Pw <7IV¢|Z=0> = Pw <V(n¢)’2=0 - ¢|z:0 V77> (4.26)

The approximation is for waves of small steepness. Besides, <V(77g25) |z:0> = 0 for progressive periodic waves
so that

1
M = —p, <¢|z:0 \vdl 7]> = ipwwa2 cotanh(kh) e,. (4.27)

We have replaced the gradient by its horizontal projection as 0, = 0. This way, it makes clear that the wave
momentum has no vertical component. The final expression was obtained thanks to the first order velocity
potential.

A comparison between the explicit expressions (4.22) and (4.27) leads to the oustanding conclusion that
E=M-c (4.28)

It is worth to remark that the explicit calculation of E and M is not necessary to infer this relation. Indeed, for
a plane wave
om+ec-Ving=o. (4.29)

So one can get it directly from (4.18) and the first equality of (4.27).
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4.2.4 Wave energy flux

The wave energy flux ® flux is in the direction of k. So, let us compute the energy flux Ay||®|| = ® through
a cross-sectional area S orthogonal to the direction of propagation. It is nothing but the mean rate of work on
S of the excess pressure p, due the presence of waves:

dg = <preu : dS> = Ay <J_nh PeOrd dz> . (4.30)
s

As for the kinetic energy, the integration from troughs to crests is discarded.

Bernoulli theorem together with Young-Laplace law yields?*:

G+ 5 Vo + g+ 2 = -2 vl <+) (4:31)
Pw Pw 1 + ‘ VH 77|2

After linearization we get p. = —py, 0:¢ — o V12 = py, ¢ 0,6 — o 021. Then, a direct calculation with the first
order horizontal velocity leads to

2
E( 2kh 1+3(4
d=—|— + (s )2 c. (4.32)
2 \ sinh(2kh) 1 4+ (&)
With the help of (4.16), we straightforwardly identify
® = Ec,, (4.33)

and conclude that wave energy is transported at the group velocity. This is not a surprise. We have indeed
shown on general grounds in section 2.1.3 that the envelope of a wave packet, whose energy is proportional to
the square of its amplitude, propagates at the group velocity.

This calculation yields further information on the partition and transport of energy.

1. For pure gravity waves, we readily see that the wave energy flux is reduced to

®, = JO Pw <|u“|2>dz c. (4.34)
—h

The integral is nothing but twice the horizontal wave kinetic energy, denoted T'll. Since E = 2T, we get
after comparison with (4.33)
cg Tl

= <1  for gravity waves. (4.35)
c T

c

For deep water gravity waves, ¢, = § meaning that horizontal and vertical wave kinetic energies are equal.
This equipartition is due to the absence of vertical length scale and not to the nature of the restoring force®.
So we can generally state that

T
Tl = B = <|u“|2> = <w2> in deep water. (4.36)

2. With the effect of surface tension, there is a supplementary term on the right-hand side of (4.35). In the
deep water approximation, we can use (4.36) and find

Cg g

1 0

Cc

2 According to Bernoulli theorem, there is also a function of time on the left-hand side of equation (4.31). Because of the gauge freedom
on the velocity potential, this function could be set to zero as was done in the boundary condition (4.3).
31t is confirmed by a direct calculation with the first order velocity field.
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For deep water capillary waves, ¢, = %c but in that case T" = V,,. We subsequently infer

0
faj (0,0 Z2nydz =2cV,. (4.38)
—h

So the mean rate of work of the capillary forces is unexpectedly equal to twice the product of the capillary
wave energy by the the phase velocity. It is proved in section 4.2.9 that this result is an intrinsic property
of the surface. Consequently, we can use it to express the ratio of group and phase velocities in terms of
energetics:

cg Th+V, Tl +V,

— 2 4.39
c T E ( )

3. The above ratio can be readily expressed as

Cg (1357—

¢ EL,A,’

(4.40)

which is the ratio of the energy crossing S during one period by the energy surplus in the volume L, A, S
due the presence of waves. After (4.35), for gravity waves only a fraction of the energy content of a wave
train of length L, passes through S during its period 7. However, the inequality is reversed for pure for
capillary waves. Indeed, equation (4.39) with 7" = V,, yields

¢ . Tl

— =1+ >1 for capillary waves. (4.41)
c

It means that more energy passes through S than contained in the volume L,A,S ahead of it; a phe-
nomenon called anomalous dispersion.

4. From the explicit expression (4.16), we readily get

o __Fh__ + E for gravity waves (4.42)
¢ sinh(2kh) | 2 gravity ‘ '
After comparison with (4.35), we infer
kh Tl 1

— = — _= 443
sinh(2kh) T 2’ (4.43)

which is consistent with our conclusion (4.36) about the deep-water approximation. The form of (4.43)
is independent of the restoring force so that we expect it to hold as well when including surface tension.
This can be checked as follows. From (4.16), it comes

kh
%9 = Suh (@Rl + g for capillary waves, (4.44)

which after comparison with (4.41) indeed gives back (4.43).

4.2.5 Mean pressure and mean water level
The mean pressure (p) is obtained from the average vertical momentum equation:
pw {Oyw) + <V” . (pwwu”)> + 0. {p+ pww?) + puwg = 0. (4.45)

After the properties (4.14) of progressive periodic waves only remain the two last terms in that equation. Then,
an integration from the bottom up to an arbitrary level below the mean water level (n) leads to

Py —po+pulw?’y)=0 on [~k ()], (4.46)

where po(2) = pwg({n) — z) is the hydrostatic pressure, the atmospheric pressure being set to zero. Hence at
any level below the water surface, the mean vertical flux of vertical momentum balances the weight of water
above that level.
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Besides, the average dynamical boundary condition (4.3) is

- I
<at¢>+§<|v¢|2>+g<n>+<p>——<v'-<V”)> at =G, (4a47)

Pw Pw /1_’_|V”77|2

Invoking (4.14) once more, we get the following relation between mean pressure and mean water level:

1
2<|u||2+w2>+g<n>+i)m =0 at z={n. (4.48)
So as to check its consistency with the natural balance expressed by (4.46), let us evaluate the latter at the mean
water level. It gives
Py +pulw?y=0 at z={. (4.49)

The only way to reconciliate (4.48) and (4.49) is to consider deep water waves. Then, after the key relation (4.36),
the quadratic terms in (4.48) equally contribute. Consequently, one has to take () = 0 in deep water. Since
waves usually travel from the middle of the ocean to the coast, this condition extends to finite depth. It implies

po(2) = —pwgz  Vze€[-h,0]. (4.50)

4.2.6 Radiation stress tensor

For the sake of simplicity, the effect of surface tension is discarded in this section.

The wave momentum flux S is called ‘radiation stress tensor’. We recall that the inviscid momentum flux in an
incompressible fluid is pu ® u + (p — pg)1, with py given by (4.50). Thus, the excess momentum flux due to the
presence of waves is purely horizontal and expressed in the canonical basis (e, e,) as

n 0
Sij = <J (pwuiuj + péij) dZ> — J poéij dz, 1,7 =1,2. (4.51)
—h —h

We have substracted the hydrostatic term which was already contributing before the surface got disturbed. As
previously, the integration of the quadratic term from troughs to crests can be discarded. Hence,

0 0 n
S~ J_h Pw <uiuj>dz + f_}L(<p> - p0)5¢j dz + <J;J p dZ> 6” (4.52)

The first integral is evaluated using the first order velocity field. Since the direction of propagation has been set
up along the z-axis, it is just

0
J Pw <(5L¢)2>dz 6i15j1 = 2T“5¢16j1. (4.53)
—h
With the help of formula (4.49), we find
0 0
J ({p) — po)dz = —pwf (w¥ydz =2(T! - T) =27 - E. (4.54)
—h —h

To evaluate the last term in (4.52), we approximate the dynamical pressure near the disturbed surface by its
hydrostatic counterpart. Setting the atmospheric pressure to zero, it leads to

p(r,t) = pug(n(e,t) —2) = <£7p d2> = % (4.55)

In the end, using the energetic interpretation (4.35) of the ratio of group and phase velocities, the radiation stress
tensor in the canonical basis is found to be

B2 1) 0 )
S = ( c 2 Cq 1 . (4.56)
0 E(%-3)
Otherwise, an intrinsic expression is
FEe, kik; c 1
S;i=—220 L pl 22§, 4.57
! c |k|? * c 2)°Y (4:57)
For deep water gravity waves,
F EQREK
g= = 4.58
> kP (4.58)



4.2.7 A heuristic note on tsunamis

Let us consider consider a long wave generated by an earthquake at a point A in the middle of the ocean and
propagating along the z-axis until a point B on the coast. Let IT 4 and Il g be parallel vertical planes containing
A and B respectively, and having the same lateral extension Ay. Assuming neither further wave generation nor
dissipation, the energy that enters through Il 4 in the volume of water delimited by those planes must be equal
to the energy that goes out through II5. In other words, the energy flux is conserved:

O, = Pny = (cgE)A = (CgE)B- (4.59)

The point A is located in deep water, thus cjq4 = %\/% is large because the wave is long (k small). On the
contrary, the point B is located in very shallow water (h tiny) so that ¢,5 = /gh is very small. In both cases, the
energy is proportional to the square of the wave amplitude. Since the group velocity is considerably decreasing
from A to B, the conservation law (4.59) implies a huge increase of the wave amplitude. This phenomenon is
called wave shoaling. It provides a qualitative explanation for tsunamis’ formation. A more quantitative one
requires to take non-linear effects into account. From the point of view of wave-wave interaction, they are
expected to be very strong in shallow water; as there is no dispersion, waves will interact on a short time scale.
Note that the wave amplitude would grow even more from A to B if the lateral extension of Iz was smaller
than the lateral extension of IT4. Thus, the effect of wave shoaling is amplified in narrow shores.

4.2.8 Key points

i) The kinetic energy and the potential energy equally contribute to the wave energy.
ii) The ratio of the wave energy and the wave momentum is equal to the phase velocity.

iii) The energy propagates at the group velocity.

4.2.9 Proofs
Proof of equation (4.18)
Equation (4.18) is proved for an unven bottom and a statistically homogeneous random wave field.

Proof. (Adapted from [37])
For convenience, let us define I = {”, | V ¢|2dz. The identity V- (¢ V ¢) = |V ¢|?> + ¢V?¢ together with

the Laplace equation leads to

n n n
_ . _ I (sl
I= le (6V ¢) dz = th 6V ¢) dz + [¢az¢]_h. (4.60)
Since

vl .J"h¢v|¢dz _ J"hw (V1) dz+ Yy (691)

7 vl (¢>V“ ¢)‘ JRCE

z= zZ=—Nn

I {¢(@Z¢ _vlg. vl n)}

n {¢(5Z¢+ vig. vl h)}

Ui
+V“f oVlgde. (462
—h —h

z=n z=

After invoking the kinematic boundary conditions (4.1) and (4.2), we eventually obtain

1 1 1 m
T = 2pull) = 3pu blemndin) + 50 < [ ovis dz>. (163

As discussed in section 4.2.1, the second term vanishes for progressive periodic waves. It actually also does for
a statistically homogeneous random wave field because the average is then independent of x. O
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Proof of equation (4.38)

Equation (4.38) is proved for a statistically homogeneous random wave field.

Proof.

0 0 0
—O’J (020 (392577> dz = —0o (02(02¢ Oum) — 2¢ Opnydz = —0 <¢99;7]J Fot) dz> (4.64)
—h —h —h

Indeed {0, (0 ¢ 0xn)) = 0 with the same arguments as given in the end of section (4.2.9). Furthermore, we made
use of the 2-dimensional Laplace equation to introduce a vertical derivative. After integration and enforcing the
(linearized) kinematic boundary conditions (4.1) and (4.10), we obtain

0
,UJ (0,0 (7in> dz = —0{(0m Oy = 00<((7z’l7)2> =2cV,. (4.65)
—h

O

4.3 Waves in a slowly varying medium

In this section based on the book by Biihler [38], we study the effect of bottom topography and currents. Since
the vertical coordinate is not involved, we skip the symbol || from the horizontal projection of the gradient.

4.3.1 Ray theory

We studied in section 2.1.3 the propagation of a weakly non-linear wave packet in a dispersive medium. We
required the wave packet to be spectrally narrow so that it could be represented by a plane wave whose amplitude
is slowly varying in space and subsequently in time. Here, we take a different perspective and consider the linear
evolution of a plane wave in a slowly varying medium. Hence, not only its amplitude is a function of space and
time but also its wavenumber and angular frequency. It is represented by

n(x,t) = %{A(m,t) eiS(mv”}, (4.66)

where S(x, t) is a phase function. The key assumption of a slowly varying medium entails that the wave train
looks like a plane wave at every (x, t) so that one can define a local wavenumber and a local angular frequency
as follows:

dS =k -dx —wdt < k(x,t)=V S and w(x,t) = 5. (4.67)

The scale separation could be made explicit by writing S = 5715 with 3 « 1. Then, one recognizes the leading
order of a WKB approximation. As it was first developed in geometric optics, this standard procedure is called
ray theory. Note that |k| and w are of order ¢! by construction, thus for consistency the dispersion relation
should be such that high angular frequencies are proportional to high wavenumbers. This is the case for water
waves.

It is useful to remark that V x k = 0, implying

ok;  Ok;
al‘j B al‘l

(4.68)

A wave front is defined by S(x,t) = cst or equivalently dS = 0, thus it propagates at speed ‘fi—f = ﬁkz which
is the local phase velocity. We get back to its original definition as speed of a wave crest. Indeed, the equation

(6,5 V- V@t)S(sc,t) =0 S 6tk +Vw=0 (4.69)

is often called ‘conservation law for wave crests’.

35



Because of dispersion, there exists a function Q(k, x, t) such that
w(z,t) = Q(k(z,t), z,1). (4.70)

We now have to write dynamical equations for k and w. To do so, let us explicit the gradient in equation (4.69)
with the help of (4.68):

dw 0 dwok;  0Q  dw ok

U

— + — = — ok -V )k = =00 4.71
(}.’Bi 8:@ O’)k] éxl 8%1 8]% &’L'j te o+ (Cg ) o ( )

where ¢4 (x,t) = 02 is the local group velocity. The function 2 being known, we have got a quasi-linear PDE
for k(x,t), which can be conveniently solved thanks to the method of characteristics. They are special lines
along which the PDE can be solved by integrating a system of ODEs. In our case, the characteristics curves are
parametrized by 7 in the space (x, ¢, k) and solutions of

& = Cg d

dr iz _ 3.0

d d k

ﬁ =1 = {dli — 0.0 . (4.72)

In this special case, ¢ is used as a parameter and is no more an independent variable. So we have moved to the
Lagrangian point of view. The connexion with the original Eulerian point of view is made by introducing a
directional derivative along the characteristics: % = 0t + ¢4 - V. In fact, it would be more correct to say that we
have moved to the ‘Hamiltonian’ point of view. The function Q(k, x, t) can indeed be regarded as a Hamiltonian
function and (x, k) as points in a phase space; the right-hand side of (4.72) are the corresponding Hamilton’s
equations of motion. Moreover,

S+ Q(V S @, t)=0 (4.73)

can be identified as a Hamilton-Jacobi equation. Let us go further and make the substitution S — &S, with
h the reduced Planck constant. First of all, A.S appears to be the least action (Hamilton’s principle). Secondly
after the Planck-Einstein formula, #{2 can be interpreted as the energy of a corpuscule while 7k stands for its
momentum according to the de Broglie formula. Thus, we have a complete picture of the wave-particle duality.
Coming back to the original approach of geometric optics, we define rays as the solution () in the physical
space. Finally, we calculate the time derivative of w along a ray:

Cfl—c; = 0t + 0k2 le—f + 0.9 (fl—lz = 0,2 (4.74)
Hence, when the dispersion relation does not depend explicitly on time, the angular frequency is conserved
along a ray and transported at the group velocity. Then one ray corresponds to one angular frequency, like one
trajectory corresponds to one energy in conservative Hamiltonian mechanics. Similarly, when the dispersion
relation does not depend explicitly on the position, the wavenumber is conserved along a ray and transported
at the group velocity. These standard results could be directly inferred from the famous Noether’s theorem.

The variation of k along a ray, which is subsequently not straight, is a refraction. For water waves, it comes
from bottom variation and/or the presence of a non-uniform current.

4.3.2 Bottom refraction

In this section, we consider the effect of bottom variation through the function h(x). Let A be a horizontal
length scale, then the variation looks slow to the waves if |[k|A » 1. Besides, they effectively ‘feel’ that variation
if at most |k|hg = O(1) where hy is a characteristic depth. Thus, the appropriate small parameter for the WKB
approximation is 8 = % « 1. It can be shown [39] that the local dispersion relation keeps the same form as

when the depth is constant:

W (@,t) = glk(x, )| tanh ([k(z, )|h()) <1 + W). (4.75)
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Since 0;h = 0, we have 0,£) = 0 and w is conserved along a ray. In the standard case when J,h = 0, we also have
0y§2 = 0 which implies that the wavenumber [ in the y-direction is conserved along a ray too. Let us introduce
the angle o = (e, k), then | = |k| sin(«). Combining the conservation of [ and w = |k|c, we eventually get

sin(a)

= cst, along a ray. (4.76)
c

This is nothing but the Snell-Descartes law for refraction. The Cartesian equation of rays can be obtained as

follows: ol
dr __ _ 00 _ 00 k
{;ff =080 = ‘3:';;‘ oo " f:lgw TkT dy L (4.77)
Yy _ __ 0 _
ai = = A Ty = AR dv k

[ is a constant while k(x,y) should be extracted (maybe numerically) from the depth-dependent dispersion
relation for a given value of w. One eventually gets a first order non-linear ODE whose resolution might be
challenging.

4.3.3 Current refraction

In the presence of a uniform current U, one should distinguish the intrinsic angular frequency @, measured
in a frame moving with the current, from the absolute frequency w, measured by a steady observer. They are
different by a Doppler shift: w = @+ k-U. Itis obviously & that obeys the dispersion relation. The corresponding
absolute and intrinsic group velocities are ¢4 and ¢, such that ¢, = ¢, + U.

In this section, we want to study the effect of a slowly varying current U (x, t). Vertical variations may result in
the growth of waves, but this is beyond the scope of this work. We add a local Doppler shift to the ray theory
through a redefinition of the function 2:

Qk,x,t) = Q(k, z,t) + k- Uz, t). (4.78)
As a direct consequence, the directional derivative along the characteristics becomes % =0+ (+U)-V

with ¢, = g Q. The corresponding Hamilton’s equations are

de _ 50
{dt w1 +U (4.79)

dk — 0,0 (VU) -k

The supplementary term in the second equation is responsible for current refraction.
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Chapter 5

Summary and outlook

The scientific history of waves began about two centuries ago with the linear theory of water waves. Once
classified in terms of their restoring force and water depth, non-linear effects started to be explored. For deep
water gravity waves of small steepness, Stokes calculated a dispersion relation which depends on the wave am-
plitude. He also showed the existence of a wave-induced current, the Stokes drift. However, Stokes waves are
not commonly observed and it is only in the late sixties that Benjamin and Feir showed that they are actually
unstable. This phenomenon, called modulational instability, was realized to be a consequence of the coupling
between dispersion and weak non-linearity, and can be universally described by a non-linear Schrédinger equa-
tion. It is also a paradigmatic example of a four-wave resonant interaction. Indeed, one can explain thanks to
Zakharov equation the time evolution of the spectral amplitude in terms of wave-wave interactions. For deep
water gravity waves, triadic resonant interactions are absent because the linear dispersion relation is a concave
function. Concavity also appears to be a necessary condition for side-band instability. The framework of wave-
wave interaction provides a general description of weakly non-linear waves. However, to study an ensemble of
waves or a system with random initial conditions, a statistical description is needed. The solution is the wave
turbulence theory, which basically gives the time evolution of the second moment. Nazarenko [40] defines it as
‘the out-of-equilibrium statistical mechanics of random non-linear waves’.

It was shown by Phillips in 1957 that a turbulent wind generates a continuous spectrum of waves. Therefore,
ocean waves seem to go into the class of systems addressed by wave turbulence. But there are other processes
to take into account prior to wave-wave interaction. One of them is wind-wave interaction, which we believe
to be the most important. So far, the two have been decoupled: a term yielding an exponential growth, based
on the theory of Miles (1957), is simply added in the equation of wave turbulence. Miles’ idea was to regard the
waves as perturbations of the air flow and then use the theory of hydrodynamic stability to get the growth rate.
The wind being turbulent, it is averaged over a time scale much smaller than the period of the waves so that a
logarithmic profile can eventually be used and then treated as a parallel shear flow. The subsequent eigenvalue
problem was too difficult to solve but there is a natural small parameter in the wind-waves system, the air-water
density ratio, which allows a perturbative resolution. Note that this small parameter is at the origin of the weak
coupling between the air and water layers which entails the small steepness of the waves. Miles’ formula for
the growth rate of wind waves requires the solution of a linear singular boundary value problem. Since the
singularity is regular, we used the Frobenius’ series to develop a simple numerical scheme for solving problems
of that class. Then we computed Miles’ growth rate and confronted it to the existing observational data. Despite
of the scattering of the data, there is a good agreement between theory and experiments over almost two decades.
Furthermore, a power law seems to emerge in this range. Nonetheless, Miles’ theory predicts a maximum which
is not observed. So as to understand these facts, in addition to what characteristics the wind profile should
have to make the waves grow, an approximate analytical expression of the growth rate for a generic profile is
desirable. Therefore, we initiated the resolution of the boundary value problem for short and long waves. So far,
the calculations are complete for short waves: at leading order, the solution is equal to the free-stream solution
e~*%. Furthermore, we proved that this result, also supported by numerics, is independent of the wind profile
and of the dispersion relation. The latter lets us think about a generalization of Miles’ theory to capillary waves.
For long waves, the situation is trickier. Indeed, we have separated the domain into two regions but are so far
able to provide asymptotic solutions for a generic profile only in the region containing the singularity. Although
the behaviour of the solution should be anyway exponential at infinity, in the overlapping region it strongly
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depends on the profile. The divergence of the logarithmic profile at infinity is challenging, but progress could be
made with the exponential profile which is bounded. A patching method then yielded reasonably good results
when compared with the exact numerical solution. Hence, these asymptotic results are encouraging. They will
provide a better insight on Miles’ theory. Furthermore, they could be used to study the quasi-linear model of
Janssen [41] describing the feedback of growing ocean waves on the wind profile. Indeed, the wave spectrum
is continuous so that there is an interaction between the different critical levels, which is a counterpart of wave
turbulence.
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Chapter 6

Appendix: Figures supporting the
asymptotic results of section 3.3

Here is a series of plots comparing the asymptotic solution of the boundary value problem (3.3) for short and
long waves and the solution computed with the help of our numerical scheme. We vary both the Froude number
Fr and the wavenumber k. In the case of short waves, we present solutions for the exponential profile Uy as
well as for logarithmic profile U, defined in section 3.1.
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Figure 6.1: Solution for the exponential profile and k£ = 10, F'r = 5.
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Figure 6.2: Solution for the exponential profile and k = 100, F'r = 5.
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Figure 6.3: Solution for the exponential profile and k = 10, F'r = 50.
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Figure 6.4: Solution for the exponential profile and k = 100, F'r = 50.
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Figure 6.5: Solution for the logarithmic profile and k¥ = 10 and F'r = 5.
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Figure 6.6: Solution for the logarithmic profile and £ = 10 and F'r = 50.
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Figure 6.7: Solution for the exponential profile and k¥ = 0.1 and 2. = 1.5.
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Figure 6.8: Zoom on the minimum (where the patching is made) in figure 6.7.

Figure 6.9: Solution for the exponential profile and k¥ = 0.1 and 2. = 0.1.
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Figure 6.10: Zoom on the minimum (where the patching is made) in figure 6.9.
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Figure 6.11: Solution for the exponential profile and £ = 0.01 and 2. = 0.1.
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